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Abstract: A new class of non-linear systems with explicit solutions is 1ntro—
‘duced. Three applications are presented.

MAIN RESULTS
The non-linear vector differential equation:

=2 x(5) = AOx(D) + h(x(®),u(0) x(t) ; x(ry) = xg . n

where h( , ) is a scalar function m—homogeneous in the state (i.e. h(ox,u)
= o™ h(x,u) for any scalar o and m is an integer greater than zero), has a
unique solution given explicitely by:

x(8) = (1= m J§ h( 8(0,t0)xg, u(@)do )™ '™ a(e,t)xg )

where ¢(t,t,) is the state transition matrix associated with A(t). The proof
of this facg is easily established through standard Lipschitz conditions type
of arguments! A bounded gradient of h over any bounded region of the state
space suffices for the r.h.s. of (1) to be Lipschitzian.Straightforward de-
rivation of (2) yields back (1) and the initial conditioms are trivially sa-
tisfied by the proposed solution. Finite escape time problems are easily cir-
cumvented due to the explicit character of the solution formula.
APPLICATIONS
1) Given a linear system x = A(t)x + B(t)u(t) with u(t) known and initial
state unknown but bounded | by a convex polyhedron of the form { X € R0 :
<x, !&0 > <1 i=1,2,...,N > n+l}, then the set ofp0351blestates at time t
is a polyhedron characterlzed by{:n <x, y (t)> < sgnm, (t) ; V i} where

-1/m

m, (t) 1+t <w LA CH t3)B(0)u(o)>do and y»(t) satisfies the equation:?

?t' Y, (£)=-a" (t)yi(t)— sgnm (t)< yi(t),B(t)_q(t)> P05 (e =¥, (3
which is an equation of type (1) with m = 1.

2) State constrained (hemispace restriction) optimal control problems defined
onlinear systems with initial state restricted to a bounded region of a linear
variety characterized by a support vector 30 are easily shown to yield dif-
ferential equations of the form:

3 BE)=-A"(R(D-<p(£) ,h()><h(6) ,BIOR (OR(O>R(E) 5 h(ed=hy (&)

where h(t) is the support vector of the state varietyat timet, p(t) is a co-
state vector arising from the optimization problem defined on the basis of
a performance index that penalizes l) any deviation of h(t) from a vector
q(t) defining the hemispace restriction for the state trajectories and 2)
the control power by means of a generalized norm defined by R(t)=R'(t)> O.
Equation (4) is of form (1) with m=3.

3) The main results are easily extended to matrix differential systems® of
the form: d/dt Z(t)=A(t)T()+I(t)A' (£)+h(Z(t),U(t))E(t) with Z(to) = ZO.
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