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Abstract This article presents a design method for the sliding

mode creation in V85 [1] using a Lyapunav function approach.

Consider a linear dynamic system % = Ax+bu with u = ~fTx and
(A,b) controllable. Let V(x> = xTFx be a Lyapunov function can-
didate. Krasovski’s sinthesis technique [2] defines & Variable
Structure Controller (VSC) of the farm fa = By for sxg < O
and fy = 03 for sx: » O where 0g » O and By = O (i=1,2,00u9k )
are the bounds for the feedback gains and s = bTFx = 0 is the
switching surface. P is obtaied as a positive solution of
ATF+PA=-0. This “"modulated bang—-bang" feedback control  mini—
mizes a standard quadratic performance index defined on  the
state trajectories alone (no control penalty) and results in an

asymptotically stable closed loop system.

A sliding regime can be created on s = 0 if and only if one
prescribes appropriate values for the bounds of the feedback
gains f,, which yield s ds/dt < 0. These are By = my 3 04 *
My with My = CCbTFAY 4 ~(BTFPAI A (BTFI/(BTF),1/(bTFh) H

i=1y2ye0srk. The number of feedback loops k is determined from
the fact that only n-k-1 equalities of the form: (bTFA)/(DbTF),
= (BTFAY,/(bTF),, are to be satisfied.

The active switching of the VSC keeps the state on s=0 in a
sort of jittering motion that slides towards its stable equi-
librium. Ideally this motion satisfies s=0 and ds/dt=0 leading
to  the "equivalient control probiem®. This control would keep
the state trajectory on s=0 if no perturbations were present.
Under these circumstances, the ideal sliding dymnamics is given
by dx/dt = (A-bbTPA/B"FbiIx on s=0. Except for a zero at the
origin  these eigenvalues coincide with the transmission zeros
of the open loop system with autput y = bBTFx. This establishes

an affine relationship among the coefficients of the open loop
characteristic polynomial and those of the ideal sliding. The
setting of the latter yields the former which in  turn are

achievable by linear feedback on the original plant.

Consider the identity Vix} = xTFx = xT(F-FobTF/b™Fb)x+s2/bTFb.

All of the ingredients for the sliiding regime formation are
present in this ideal_sliding dynamics based decomposition of
Vix). Under a suitable change of coordinate z = Fyx with FPaTF,

= P this decomposition is equivalent to the geometrically based

tEIng"ESS_ETESFT§'IdZEET?iEE terms: one dealing with the sli-
ding regime creation process ( 2sds/dt/bvFh) and the ather in-
timately related to the ideal sliding dynamics stability:

%V CA-bbTFA/bTED ) TE+F (A~bbTFA/BTPR) 1%
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Consider the dynamical system described by: dxi/dt = xa=
dx2/dt = %z ; dxa/dt = ~0.0226%;-2.262%x2~0.21xs + U .

An  infinite time performance index without contral penalty
defined by @ = diag [10,1,1]1 and a surface equation s =bTPx =
20.0xy + B.OX2 + X3 = 0 yields a VSC with two feedbaczk |oops
and magnitude bounds for the feedback gains given by m, =
155.776, m= = 44.58. The ideal sliding dynamics is assymptoti-
cally stable. Fig.! shows a sample of the state trajcetory in
the open Iloop case and Fig. 2 shows the corresponding VSC
feedback response.
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CONCLUSIONS

The relevance of Lyapunov?’s Secand Method for the design of VSS
for linear stationary plants has been established. A simple
Lyapunav  function decomposition ,based on geometric arguments

induced by considering the switching surface as a \projection
subspace, leads to a separation of the siiding mode \ formation
process and the ideal siiding dymamics stabilization.\ The ap-

proach was shown to have strong connections with optimal feed-
back design via Krasovskii’s sinthesis procedure .+ -A simple
third order design example was alsc furnished.

A number of problems within the VSS area can be further ana-—
lyzed from this viewpoint: Multivariable systems, time—varying
systems, non-linear systems and the non—linear siiding manifold
case [3)].
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