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Abstract In this article the method of Extended Linearization is
used for designing stabilizing nonlinear Proportional-Integral (P-I)
feedback controllers which regulate to a constant set-point value
either the average output inductor current , the average input inductor
current, oOr the average transfer capacitor voltage of a PWM
controlled Cuk Converter. The design is carried out on the basis of
the frequency domain Ziegler-Nichols method applied to a family of
linearized transfer function models of the converter, parametrized by
constant operating equilibrium points of the average PWM controlled
circuit.

1. INTRODUCTION

The Cuk converter (figure 1) constitutes a popular nonlinear
de-to-dc switch-mode power supply comprising a maximum amount
of dc power conversion advantages with a minimum number of
circuit components. The original Cuk converter, as well as most of
its celebrated modifications, are usually controlled by means of finite
sampling frequency Pulse-Width-Modulation (PWM) control
schemes. The various control configurations, traditionally used,
consider different output variables for the feedback arrangement,
namely; output inductor (load) current, input inductor current,
transfer capacitor voltage, or some suitable combinations of these
variables. The corresponding compensators are designed on the
basis of approximate linear incremental models of either discrete or
continuous-time nature ( See: Severns and Bloom [8] , Middlebrook
and Cuk [4], Csaki et al , [3] etc). An alternative - and fundamentally
equivalent control method - considers the use of sliding mode control
about suitably specified manifolds defined in the state space of the
converter ( See Venkataramanan et al , [18]). On these manifolds the
ideal sliding trajectories exhibit desirable stability properties
(Sira-Ramirez, [9]-[11]). Other recently proposed control strategies
for dc-to-dc converters include pseudolinearization (Sira-Ramirez
[14]) and feedback linearization (Sira-Ramirez and Dic [16]).

The Extended Linearization approach for nonlinear feedback
controller design, developed by Rugh and his coworkers
(see[2],[6],[7), [20]) , constitutes a highly attractive technique based
on the specification of a linear regulator which induces desirable
stability characteristics on an entire family of linearized plant models
parametrized by constant equilibrium points. The obtained linear
design serves as the basis for (nonuniquely) specifying a nonlinear
controller with the properiy that its linearized model, computed about
the same generic operating point, coincides with the specified
stabilizing regulator. The resulting nonlinear controller thus exhibits
the remarkable property of "self-scheduling” with respect to
operating points which may change its value due to a sudden change
.of the reference set point.

In this article, nonlinear P-I controllers, designed on the basis
of the extended linearization method, are proposed for the regulation
to a constant set point of either average output load current, average
input inductor current, or average transfer cdpacitor voltage in a
PWM controlled converter of the Cuk type. Such three cases will be
addressed, respectively, as the output current control mode, the input
current control mode and the transfer capacitor voltage control mode.
The frequency domain Ziegler-Nichols method ([1,pp. 54-58]) is
used for the specification of linearized P-I regulator gains which
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stabilize to zero the corresponding family of parametrized transfer
functions relating the particular incremental state variable considered
as output to the incremental duty ratio function. The nonlinear P-I
controller is then obtained from the linear design in a manner entirely
similar to that proposed by Rugh in [7].

It should be remarked that, for the Cuk converter, as well as
for many other dc-to-dc converters, output current, or voltage,
regulation to a constant set point value can not be accomplished by
sliding mode control defined on surfaces representing zero output
error ( Sira-Ramirez [9] ). A constant output current or voltage
control may be achieved only when a combination of the state
variables is formed in an appropriate sliding plane, or, indirectly,
through constant input current regulation, or, alternatively, through
transfer capacitor voltage regulation (See [9]) . For each one of the
three possible control modes, the nonlinear P-I controllers proposed-
in this article efficiently stabilize the chosen output variable to0 a
desirable constant operating value. The method does not present
instability effects, at least in a local sense. However, depending on
the system parameters and the constant set points, nonlinear P-1
compensation does exhibit certain limitations inherent to the
existence of a nontrivial real crossover frequency for the Nyquist
plot of the family of parametrized transfer functions. In such cases,
the associated infinite crossover frequency prevents the application
of the Ziegler-Nichols design recipe for a P-I regulator. The
designed controller is to be used in combination with an actual PWM
actuator, of highly discontinuous nature. For this reason, a
Proportional-Integral- Derivative (P-I-D) controlier is not feasible
due to large controller output values produced by the derivative
action carried out on the discontinuous feedback error signal.

Section 2 presents, in detail, the procedure for obtaining a
nonlinear P-I compensator achieving constant output current
regulation for the Cuk converter. In this section it is also presented,
in a summarized fashion, the relevant formulae for obtaining
nonlinear P-I regulators for average models of PWM controlled Cuk
converters for the case of input current control mode and that of
transfer capacitor voltage control mode. The manner in which the
designed nonlinear controllers are to be used in the actual
discontinuous PWM scheme is also indicated. Some simulation
examples highlighting the nonlinear P-I controller performance are
presented. The last section is devoted to some conclusions and
suggestions for further work.

2.- DESIGN OF NONLINEAR P-I CONTROLLERS
FOR DC POWER SUPPLIES OF THE CUK TYPE .

nli - rrent j k

Converter,

Consider the Cuk converter model shown in figure 1. This
ubiquitous converter, which is the topological dual of the boost
converter, is described by the following bilinear state equation
model :

%L =—@xy +u@xy +b
dx
-Ell= @1X] - UL X ] ~ UEHX; @1

g;—?—: —W4X3 + U0yXy

where, X; =L;VL;, x3= V,V Cyand x3= 13\1 L; represent
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normalized input inductor current, transfer capacitor voltage and
output inductor current variables, respectively. The quantity b=
L, is the normalized external input voltage. The converter parameters

are defined as : w; =1/VL,Cy, ®,= 1/VLyC, and ,=R/L,,
These are, respectively, the LC input circuit natural oscillating
frequency, the LC output circuit natural oscillating frequency and the
RL (output) circuit time constant. The variable u denotes the switch
position function, which acts as a control input, taking values in the
discrete set { 0,1} .

The discontinuous feedback control strategy is usually
specified on the basis of a sampled closed loop PWM control
scheme of the form (Skoog and Blankenship, [17]):

‘ 1 for g <t< e+ px@EIT
u= 2.2)
\ 0 for tp+pu[x(IT<tS tx+T

where [x(t,)] is known as the duty ratio function, which is
generally represented by a smooth feedback function of the converter
state ( or of some related variables such as sampled output error e(t,)

= ¥4 - Y(§)= ¥4 -X3(t)) which satisfies the natural bounding
constraint : 0 < u[x(t)] < 1, for all sampling instants t;. T is known
as the the duty cycle determining the time elapsed between sampling
instants, i.e., t 1= 4+T.

Remark It has been rigurously shown in Sira-Ramirez [15] ( See
also [11] and [13]) that an axera%e mode] of a general nonlinear
PWM controlled system can be obtained by assuming an jnfinite

sampling frequency, ( i.e., letting the duty cycle T — 0). The
average model is simply obtained by formally substituting in the
system model the discontinuous control variable u by the duty ratio
function p(x). The average trajectories, obtained as solutions of the
resulting nonlinear system, satisfy the property of accurately
representing all the qualitative properties of the actual PWM
controlled system. This was demonstrated in [13] by showing that
there always exist a sufficiently small sampling period T for which
the deviations between the actual PWM controlled responses and
those of the average model, under identical initial conditions, remain
uniformly arbitrarily close to each other. Conversely, for each
prespecified degree of error tolerance, a sampling frequency may be
found such that the actual and the average trajectories differ by less
than such a given tolerance bound . The error can be made even
smaller if the sampling frequency is suitably increased. Moreover,
from a purely geometric viewpoint, in those regions of
nonsaturation of the duty ratio function U, jntegral manifolds
containing families of state responses of the average model constitute
actual sliding surfaces about which the discontinuous PWM
controlled trajectories exhibit sliding regimes (Sira-Ramirez, [11]).
Qutside the region of nonsaturation, the trajectories of both the actual
and the average PWM models entirely coincide. The average model
dynarnics plays then the role of the jdeal sliding dynamics (See Utkin
[19] and Sira-Ramirez [10},[12]) in the corresponding variable
structure control reformulation of the PWM control strategy (See

Sira-Ramirez [13]).
The average PWM controlled Cuk converter model is thus
simply obtained from (2.1) by replacing the discontinuous control
function u by the duty ratio function p.
&
de
%=
dt
&
dt

The eq_uilibirum points of the average model are obtained from 2.3)
assuming a constant value, U, for the duty ratio function i :

= -z + j0yZy + b
0121 - iy - fanz3 23)

=023 + hZp

2 2
p=U;z2W=—22Y . 70 ;
0?0, 1-U? o (1-U)
z bU (2.9)
O = 00y

The linearization of the average PWM model (2.3) around the
constant equilibrium points (2.4) results in an incremental model,
parametrized by U, of the form :

4 EH ¢ -(De; 0 18 w,Zo(U)
B 0o 0 ey || s [+ -e,ZiU)- 0gZU) ks

Bs 0 WU 0y By nZyV)
2.5)

where : zj5 (1) = () - Zi(U); i=123; y5(®=y(®)- Y(U) :=
73(1) -Z3(U) 5 pg(t) = u(t) - U.

The parametrized family of transfer functions relating the
average incremental output inductor current 235 to the incremental
duty ratio g is found to be :

2
2 U I
6= 02 s mﬂ_—4 gy -V J
o (1-U) |34 W82+ [Uza)zz+ (l—U)Za)f Is+ (1)4(1-U)2m12 J

2.6)

The family of parametrized linear systems represented by
(2.6) constitutes the basis for the frequency- response-based
Ziegler-Nichols P-I controller design.

After substitution, in (2.6), of s by jw , the phase crossover
frequency. (also called the yltimate . frequency) is found by
computing the value of the frequency W(U) that makes the
in:na_ginary part of (2.6) equals to zero ( discarding, of course, the
trivial solutions : Wy(U) = 0, and W(U) = ). One obtains after
some straightforward calculations that the smallest solution to a
bi-quadratic equation, yielding Wo(U), is:

Wo(U) =V [aU) - V(02U - BU)) ]

aU) =05 %%[Uz“’% +(1-UP0]
BU) = 03(1-UR U202 + (1-Uye?]

To guarantee the existence of a real and positive crossover
frequency, the condition : az(U) > B(U) must be enforced on the
system parameters @, , and the constant duty ratio U. If this
requirement is not fulfilled by the system then the Nyquist plot of the
incremental transfer function Gy;(jw) does not intersect the real axis
except at w=0and w = oo . In such a case the Ziegler-Nichols

recipe degenerates into the specification of an arbitrary Pproportional
controller which can be made independent of the operating point. A
P-I controller is not obtained in such a case and the resulting
linearized closed loop system exhibits infinite gain margin.

.7

The yltimate gain or gain margin , KO(U), is obtained as the
inverse of the absolute value of G(GW(U)). In this case, such a key
design parameter is obtained as :

oX1-UY2 - W)
0X1-U) - WiU)

Ko(U) = (1)1(1)4(1-U)

b (2.8)

According to the Ziegler-Nichols design recipe for P-I
controller specification ([I, pp.54-58]), the values of the
proportional and integral term gains of the compensator, Cyls) =
K, (U) + Ky(U)/s, which stabilizes the entire family of linearized
plant models (2.5), or (2.6), are given , respectively, by K (U) =

0.4Ko(U) and K,(U) = K((U)Wo(UN(4m), ie.,

ol1v?-whu) |
o210y - WEU) |

0.4 [ (ﬂ4( 1-U)
b

KiUy=

2.9)



o%1-UR - W) |

Kx(U) = 220401°0) 2 :
| 02(1-0) - Wh(U) |

W
- 4megp U

The P-I controller: Cy(s) = K;(U) + Ko(U)/s, is such that it
would stabilize to zero the incremetnal output response of the entire
family of linearized plant models represented by (2.6). The extended

linearization method proposes to find a nonlinear dynamical

controller whose linearization around the constant equilibrium point
coincides with CU(s). Following [7], it is easy to see that such a

controller is of the form:

850 _|0y0q(1-0 | 0fA0P-WRO | o
dt 47 apd mf(l-Q-Wg(Q

Wd(1-0F - Wi

=3 0.4(;) Wy(1-0
p=Cm +[——l—4— , 3
e (1-H) - Wa)

b
e =Z3V) - (v

Indeed, the scalar transfer function asociated to the
linearization of the dynamical system (2.10), around the equilibrium
point e(U) = 0, z(U) = p(U) = U, yields precisely the designed
compensator transfer function Cy(s).

jl e(t) (2.10

The output L of the nonlinear P-I converter is to be regarded
as the specification of the needed stabilizing duty ratio function for
the average PWM closed loop converter. However, depending on
the proximity of the initial states to the desirable constant average

load current (acting as a set point) , the actual values of | may
violate the natural constraints impossed on the duty ratio function i
'Therefore, a limiter of the form :

0 for ﬁ(t) «0

HO={ Wy for 0 < pe) < 1 @11

1 for W) > 1

bas to be enforced on the output i of the nonlinear P-I converter.

This procedure yields the duty ratio function m. In actual operation,
W may be subject to saturation during certain intervals of time.
Typically, an antireset-windup scheme ( See [1, pp. 10-14 ] ) would
be used in combination with the nonlinear P-I controller to avoid
overshooting effects on the average controlled output.

The PWM actuator induces undesirable high frequency
discontinuous signals (chattering) for the converters state and output
variables. In order to suitably approximate the average closed loop
designed behaviour, a Low Pass filter must then be placed at the
sensing arrangement used to obtain the actual output inductor current
x4(t) used for feedback purposes. One may, for instance, propose a
simple first order RC circuit, with a sufficiently small time constant,
1/T¢ ( equivalently, a sufficiently small cut-off frequency ) as
follows:

df(t) 1 ~
—=— ft) - x3()]1 5 zZ3()=A£(¢
i Tf[() 3(1) ] 3(t) = (1)

(2.12)

One may regard the filter output, 7‘1(t), as an approximation to
the ideal average output current signal z,(t) required by the nonlinear
P-1 feedback controller (2.10).

The complete nonlinear P-I regulation scheme, based on
extended linearization of an average PWM controlled Cuk converter,
is shown in figure 2.

xample 1 A nonlinear P-I controller regulationg the output (load)
current was designed for the Cuk converter circuit with parameter
values : R =20 Q. C, = 6.071F, L; = 24.539 mH, Ly= 2.9038
mH and E = 20 Volts. The constant operating value of i was chosen
to be U = 0.6 while the corresponding desirable normalized constant
output current was 7,5(0.6) =0.0808. Figure 3 shows the average

1549

controlled output current trajectory when subject toa step change in
the output current set point value, from Z,(0.6) = 0.0808 t 7501
= 0.023 (the corresponding change in the operatinf point of the duty
ratio was from U = 0.6 to U = 0.3). Figure 4a and 4b show,
respectively, the actual PWM controlled step response of the output
current and the corresponding filtered output response (the chosen
set point was : Z3(0.6) = 0.0808). The sampling frequency for the
PWM actuator was chosen as 5 KHz and the output low pass filter
cut-off frequency was set at 1570.7 rad/sec.

2.2. Nonlin - i i )i
Cuk Converter,

Transfer capacitor voltage can also be used for feedback
regulation purposes. One usually pursues constant transfer capacitor
regulation to indirectly obtain the corresponding desirable constant
output current, or voltage, at the load element. In this part we
propose a nonlinear P-I controller scheme, similar to that in the
previous section, which uses the average value of the transfer
capacitor voltage z, for feedback purposes. The relevant formulae
leading to the nonlinear P-I controller specification are sujmarized
below. The equilibrium points are the same as in (2.4).

ve k ny model for tran,
regulation
%l =—WZy + p017p +b
d—;z = 012) - jY 21 — anz3
d (2.13)
'af‘= =423 + fnzy
y=n
amily of par: iz nsfer functions relating jncremental
fer it N i i
C o2m2 (112 2200 12
2 +| @y, 20100 )s_mlm4(1 )
© wlbU olU 0
Guts)=- 2 22 2.2 22
104 (1-U) I_s3+ 0452+ [U%0+ (1FUY 0! 1 s+ 0,(1-U)e; J
2.14)
) T E1
Wo(U) =V [ a(U) +/(02(U) + BU) ) 1
a) = 05 [Vol+(1-0)%0? - 2o @15)

BU) = 20f0 1)

Here, B(U) > 0. Hence, no restrictions exist on o(U) and f(U)
for W(U) to be real.

Ultimate Gain
2 2 2 2
Ko(U) = ©02(1-U) wl(1-U) - v;'(,(U) 219
b | edelaul- wivelu
Ziegler-Nichols P-1 controller gains for the linearized family of
converters
2 2 2 2 2
Ky = 240010 | afd-02- W)
E ofo1-0)2- Wi U o
201 11y2 nl.w?
Ka(U) = 21040-0) ok(1-U) “/20<U> Wall)
| o2eX1-Uf - Wiuyeiu

Nontlinear P-I Controller ( transfer capacitor voltage control mode )

o102 - W)
wlo(1- 0 - WQ o2

&L _ mef-o
dt . 4nb

Wo© e




(2.18)

04 o (1)42(1- 02 | 0)12(1'02 - W&(Q L([)

-
’ b | adal1-0P- WhgeRt |

Low pass filtet

A simple first order low pass filter may be proposed to yield
an approximation to the ideal average output function z, required by
the nonlinear P-I controller. Such filter is characterized by a
sufficiently small time constant of value (1/T¢), and a state f.

gfd_('9=_ %{[f(l) “xMm] ; RO=10 2.19)

Example 2 A Cuk converter circuit with the same parameter values

as in example 1 was considered for nonlinear P-I controller design

regulating the normalized average transfer capacitor voltage z; and
thus indirectly obtain output current regulation. The constant
operating value of m was again chosen to be U = 0.6 while the
constant value of the corresponding desirable normalized transfer
capacitor voltage is Z,(0.6) = 0.123. Figure 5 shows the average
controlled output current trajectory when the transfer capacitor
voltage set point is subject to a step change in the set point value,
from Z,(0.6) = 0.1232 to Zy(U) = 0.0705 (the corresponding
change in the operating set point of the duty ratio was from U = 0.6
to U = 0.3 and the output current set point change was as in the.
previous example). Figure 6a shows the step response of the actual
PWM output current response to a set point value of Z,(0.6) =
0.1232 and figure 6b shows the corresponding filtered output
resgonse‘ The sampling frequency for the PWM actuator was chosen
as 5 KHz and the output low pass filter cut-off frequency was set at
1570.7 rad/sec.

Nonlinear P- lation of input i rrent h

Cuk converter

-Input inductor current can also be used for feedback regulation
purposes. One may seek constant input current regulation to
indirectly accomplish a desirable constant value of the output
current, or voltage, at the load. In this part, we propose a nonlinear
P-1 controller scheme, similar to those in the previous sections,
which uses the average value of the input current zq for feedback

purposes. The relevant formulae leading to the nonlinear P-I
controller specification are summarized below. Evidently, the
operating equilibrium point is the same as in (2.4).

Average Cuk converter model for input current control mode
%L = -2y + U0y + b

%* 012y - 32 — o2y
(2.20)
9:‘:' = —0423 + M2
y=z
Family of .garamemzcd transfer functions relating jncremental input

current to incremental duty ratio

2+ s 207U

odU + o}
(0]

Guo= i 2 72
(1-U) | 3 + w52 + (U024 (1-0)0? | 5 + 0y(1-U) 0

v (221)
Phase Crossover Frequency

Wo() =V [ (V) - V(a2(U) - (L) )signBU) )
V) = 0.5 [UA+UY3 + (1-UR0E - of) Q2
BU) = o, ~03) 02(1-U)? + 20303

A necessary condition for the existence of a real positive

W(U) is that aX(U) > B(U). The condition is clearly not sufficient
since, even if it is satisfied, there exists no real Wy(U) in the case

when B(U)>0 and a(U) < 0. A sufficient but not necessary
condition for the existence of a real positive W(U) is that B(U) « 0.

Ul Gai

2, 2 2
KO(U)=@'JA' (l)] (I'ZU) '“2/0(U) (I-U) (223)
2020 - WiU)
iegler-Nichols P- ller gains for the linearized fami
converters
Ry = e | 0107 WE) | 1
b | 202u-wiu .
2001102 - w2 '
KXU);&E QI%U)—YO(U) 1-U)yWo(U)
FO| 200U - WyU)
Nonlinear P-] Controller
1-02 - W3
o o |t gl I(I-QWO(C) 0
205C - W) 225)
~ 29 2 w2 '
= g4 40 | D7 WD
b 7wl
2038 - Wo(©)
W lter

A simple first order low pass filter may be proposed to yield
an approximation to the ideal average output function z, required by
the nonlinear P-I controller. Such filter is characterized by a
sufficiently small time constant of value (1/Ty), and a state f. As

before, il(t) is taken, for all practical purposes as z;(t).

df N
%r%{[m)-xlm] L B0)=10 (2.26)

Example 3 Figure 7 shows shows the Nyquist plot corresponding to
the linearized transfer function between the incremental input current
and the incremental duty ratio for an operating point U =0.6. In this
case , the necessary condition for the existence of a phase crossover

frequency (oz(U)2 > B(U) ) is not satisfied and a nonlinear P-I
controller can not be designed by the method here presented. As seen
in figure 7, the corresponding Nyquist plot does not intersect the
-1802 line.

3. CONCLUSIONS AND SUGGESTIONS FOR
FURTHER RESEARCH

This article has demonstrated the feasibility of output load
current regulation for the Cuk converters. Such regulation is made in
either a direct load current feedback scheme, or, indirectly, through
an input current, or transfer capacitor voltage, feedback schemes.
The stabilizing control strategies are realized by means of nonlinear
P-1 controller specifications based on extended linearization of
average PWM controlled models of the Cuk converter. The
stabilizing designs consider a Ziegler-Nichols type of nonlinear P-I
regulators derived from a linearized family of wansfer functions
parametrized by constant equilibrium points of idealized
(infinite-frequency) average PWM controlled converter models. The

nonlinear controller scheme, as applied to the actual discontinuous

PWM regulated Cuk converter, is shown to comply with the same
qualitative stabilization features impossed on the average model
design, provided the output feedback signal is groperly processed
through a low pass filter with a small cut-off frequency and a
sufficiently high sampling frequency is used in the PWM actuator.

The fpropos,ed nonlinear control scheme can be extended to a
number of the celebrated modifications of the Cuk converter,
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including those with output capacitors and magnetic coupling among
the input and output inductors. The cases presented in this article
were carried out making extensive use of the REDUCE symbolic
algebraic manipulation package. Other types of classical
compensating networks can also be proposed. In particular, the use
of the Analytical Design theory, developed in Newton et al [5], and
its associated integral-square error minimization, could be considered
as an alternative to the Ziegler-Nichols design recipe for the
nonlinear P-I controller specification. The feasibility of such an
alternative apporach has to be demonstrated through further work.
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FIGURES

Figure 1. The Cuk Converter
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Figure 2. A nonlinear P-1 control scheme for output regulation of
nonlinear PWM Controlled Cuk Converter Circuit.
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Figure 3. Output current response to a step change in the set-point value
(output current control mode)
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Figure 4a. Actual PWM controlled step response of the output current
(output current control mode)
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Figure 4b. Filtered PWM controlled step response of the outuput current
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Figure 5. Output current response to a step change in the set-point value
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Figure 62. Actual PWM controlled step response of the output current

(Transfer capacitor voltage mode)
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Figure 6b. Filtered PWM controlled step response of the outuput current
(Transfer capacitor voltage control mode)
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Figure 7. Nyquist plot of lincarized transfer function for example 3.



