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Abstract. In this article a unified approach is proposed for the design of dynam-
ical discontinuous feedback controllers leading to a continuous (i.e. chattering—free)
stabilization of a double effect evaporator. The proposed controllers correspond to
Pulse Frequency Modulation, Pulse Width Modulation and Sampled Sliding Modes
strategies. Simulations are performed which validate the proposed approach.
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1. INTRODUCTION

In this article Fiess’s Generalized Observability
Canonical Form (GOCF) (Fliess 1990) is shown to
naturally allow for a unified approach in dynam-
ical disconitnuous feedback compensator design
for nonlinear systems. The proposed chattering-
free controllers are based on Pulse Frequency
Modulation (PFM) strategies, Pulse Width Mod-
ulation (PWM) policies and Sampled Sliding
Modes (SSM). Natural integration of the system
nonlinearities in the GOCF result in sufficiently
smooth controller outputs in spite of the un-
derlying discontinuous feedback control policies.
The obtained control inputs are substantially
smoothed with respect to what can be achieved by
means of high-gain substitution techniques (Slot-
ine and Li 1991). The design method does not
resort to traditional aproximation schemes, based
on average models, nor it requires exact or approx-
imate discretization procedures. Section 2 con-
tains the derivation of the GOCF of a double effect
evaporator and it also proposes, in a unified man-
ner, the discontinuous feedback controllers of the
PWM, PFM and SSM types. Section 3 presents
some computer simulations depicting the perform-
ance of the proposed controllers. Finally, section
4 contains the conclusions and some suggestions
for further research.

2. GOCF OF A DOUBLE EFFECT
EVAPORATOR

The following double effect evaporator model is
taken from Montano and Silva (Montano and Silva

1991)
2y = 6 Fy(co— 1)+ b2z1u
2 = 6a3Fo(z1—z2)
+ (6421 + b5z2) u (1)
Yy = 22— T

where z; represents the product concentration in
the first stage of the evaporator, z; is the output
concentration of the product at the second stage
and u is the positive control input representing the
steam fow provided by the boiler. The outupt y of
the system is the concentration error z2,~2z44, with
T34 representing the desired output concentration.
The parameters in (2) are assumed to be known
and constant.

It may be shown that an input-dependent state
coordinate transformation takes the system into
the following GOCF

zZ1 = 2

22 = (65U-61F0) 22
. [63Fo(ba + 85)(21 + 224) + 8429
+ u
b3Fy + b4u
+  cob1 Fo(b3Fo + d4u)
+  (bou = 6; Fo)
[ (63F0 =5 65‘(1) (21 + .’Czd) + Zz] (2)
y = n

The zero dynamics assocated to (2) is simply ob-
tained as
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“ [531"'0(64 +05)(z1 + 224) + 5422]
6aFy + 84u
+  coby Fo(63F0 + 64u)
+ (S2u -6 Fo) ®)
[(63Fp — é5u) 224} =0

The equilibrium points of the zero dynamics (4)
are given by the real solutions of the resulting
quadratic algebraic equation. It is relatively easy
to see, although quite tedious, that the physic-
ally interesting solution corresponds to a min-
imum phase equilibrium point of the zero dynam-
ics. The results are therefore valid for trajector-
ies that stay away from the second obtained equi-
librium solution which is, indeed, unstable and,
hence, non-minimum phase. The design of a dy-
namical discontinuous feedback control policy re-
quires the definition of an auziliary output func-
tion s (Sira-Ramirez 1993). This auxiliary out-
put funciton exhibits the property that when it
is forced to zero (by means of discontinuous feed-
back control actions) the remaining dynamics of
the system asymptotically and autonomously sta-
bilize also to its (stable) equilibrium point. For
the case of the transformed system 2 such a func-
tion is given by

s(z) =29+ 7121 (4)

where v; is a positive scalar representing a de-
sirable rate of exponential decay. Evidently, when
s(z) is forced to be zero, the resulting transformed
dynamics is asymptotically stable to zero and
hence y approaces its desired equilibrium value.

Several discontinuous feedback control designs are
achieved by imposing on the dynamics of the reg-
ulated auxiliary output function the following dis-
continuous scalar dynamics:

$ = —W DDC (s) - (5)

where DDC stands for a PWM, PFM or SSM con-
trol policy (see Sira~Ramirez 1993). and W is
any positive constant parameter. For instance, a
SSM control policy would be specified, during any
inter-sampling interval t; <t <ty + T by:

DDC [s(t)] = sign [s(ts)] (6)

A PWM control policy, on the other hand, would
cause DDC to be set to

DDC(s) = PWM ,, 1 [s(t)] = (7

for tx <t < tp +7[s(te)]T
forte + 7[s(te)] T <t <tx + T

{ zisn (s(te)]

where 7 [s(tx)] is the duty ratio function, which
specifies the pulse width at each sampling instant

according to the value of the auxiliary output
function s(t).

Finally, in the PFM case the function DDC is
defined as

DDC(s)= PFM ., r[s(t)] = (8)

0 for tp + 7 [s(t:)] T [s(ts))

sign [s(tx)] for tx <t <t + 7[s(tx)] T {s(ts)]
<t <t + T[S(tk)]

where now the width of the sampling period T
, known as the duty cycle function, is also de-
pendent upon the sampled values of the auxiliary
output function s(2).

The asymptotic stability of the discontinuous dif-
ferential equation (5), with the function DDC(s)
given by any of the cases depicted in the equa-
tions (6}, (7) or (8), is fully presented, for typical
prescriptions of the duty ratio and the duty cycle
functions, in Sira-Ramirez and Llanes-Santiago
(1992), where the reader is referred for further de-
tails.

Imposing the discontinuous dynamics given by
(5) on the auxiliary output function, described
in transformed coordinates by (4), and using the
GOCEF derived in equation (2) one obtains a dy-
anamical feedback controller in terms of a differ-
ential equation, for the control input u, which ex-
hibits a discontinuous right hand side

[53F0(64 + 85)(21 + z24) + 6422]
63F0 + 64“
+ (5521 L 61F0) 22
+6061Fo(53Fo + 64") + (621.[ - 61F0)
[(8aFo — bsu)(21 + 224) + 2] + 1122
—-W DDC (Zg + 7121) (9)

3. SIMULATION RESULTS

Simulations were carried out to assess the per-
formance of all three dynamical discontinuous
feedback controllers. The parameter values of the
double effect evaporator plant were taken from
Montano and Silva (1991).

Fo = 2.525 [Kg/min] , co = 0.04 , §; = 0.0105

83 = 9.5231073 | 6, = —7.699102 ,
s = 10.30510-3

with these parameter values, the physically mean-
ingful equilibrium point is computed to be
21 =07 ; z3=124=0.0939

The state responses obtained from the dynamical
PFM control policy are shown in Figure 1. The
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plant state trajectories are seen to converge to-
wards the desired equilibrium point. The control
input generated by the dynamical PFM control-
ler is clearly seen to be sufficiently continuous, as
shown in Figure 2. Figures 3 and 4 depict the
same state and input variables trajectories which
result from the use of the dynamical PWM con-
trol policy. The qualitative features of the con-
trolled behaviour is practically identical with that
obtained from the dynamical PFM controller. Fi-
nally, the controlled state responses and generated
input signal trajectory, obtained from the SSM
policy, is depicted in Figures 5 and 6. The first
order discontinuous input obtained in this case
can only be decreased in amplitude through faster
sampling. However, such a chattering input rep-
resents a considerable improvement over ”bang-
bang” input signals obtained otherwise by means
of classical sliding mode control policies.

4. CONCLUSIONS

In this article a unified approach has been presen-
ted for the design of dynamical discontinuous feed-
back controllers in double effect evaportator sys-
tems. The approach has heavily relied on Fliess’s
Generalized Observability Canonical Form which,
for systems with relative degrees higher than one,
naturally exhibits input signal derivatives in its
structure. This feature implicitly entitles integ-
ration of the discontinuous feedback inputs pre-
scribed to the dynamical controller and, hence,
smoothed signals are obtained from the control-
ler’s output. In this article such discontinuous
inputs were chosen as PWM, PFM or SSM al-
ternatives but other policies are possible. The ap-
proach generally results in sufficiently smoothed
compensator outputs while still retaining some
of the insensitivity features of discontinuous con-
trol policies to small parameter variations and ex-
ternal perturbation inputs. The performance of
the proposed controllers was illustrated by means
of digital computer simulations. Further research
is needed into the possibilities of building discon-
tinuous observers for nonlinear uncertain systems.
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Fig. 1. State response of the double effect
evaporator to dynamical PFM controller
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Fig. 2. Control input trajectory generated by
means of dynamical PFM controller
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Fig. 3. State response of the double effect

evaporator to dynamical PWM
controller action.
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Fig. 4. Control input trajectory generated by
means of dynamical PWM controller
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Fig. 5. State response of the double effect
evaporator to dynamical SSM controller
action
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Fig. 6. Control input trajectory generated by
means of dynamical SSM controller



