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Abstract. Differential Flatness of average models of Pulse-Width- Modulation
(PWM) regulated dc-to-dc power converters is demonstrated and exploited for the
design of linearizing feedback duty ratio synthesizers achieving local stabilization tasks
in converters of the “hoost™, “buck--boost” and “hoost-boost™ types. The performance
and robustness of the proposed feedback regulators are illustrated by computer sir-
ulations that include external perturbation inputs.
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[. INTRODUVCTION

Differentially flat systems constitute a widespread class
of dynamical systems which represents the simplest pos-
sible extension of controllable lincar svstems to the non-
linear systems domain. “Flat” systems were first intro-
duced by Fliess and his co-workers in (Fliess ef al., 1992)
and further developed and characterized in (Fliess ef al..
19934a). Flat systems (in short) cnjoy the property of
possessing a finite set of defferentially mdependent out-
puts, i.e. outputs which do not satisfy, by themselves.
nonlinear differential equations. called hinearizing or flat
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outputs. The lundamental characteristics of such lin-
earizing outputs are three: First, the number of lineariz-
ing outputs is identical Lo the number of inputs in the
system. Second. all variables in the system, including
the control input variables. can he written. exclusively.
in terms of differenteal functions of such linearizing out-
puts, 1.e. [unctions of the linearizing outputs and of o
finite number of their time derivatives. Finally, gener-
ally speaking, the linearizing outputs can. in turn. he
expressed as differential functions of the system state
vector components. Therefore. these outputs possibly
have explicit dependences ¢n the control inputs and a
finite number of their time derivatives, Flat svstems are,
thus, linearizable to controllable linear ones by means of
endogenous fecdback (see (Martin, 1992)).

[n this article we take the aliernative view of diflerential



flatness for the exact linearization of PWM regulated
switchmode de-to—-dec power converters. The topic, us-
ing static feedback linearization techniques (see (Isidori,
1989)), has been already treated from a sliding mode
control viewpoint in (Sira-Ramirez and Ilic, 1989).

In Section 2 we first demonstrate that average PWM
models of de—-to-dc power converters of the “boost™ and
“buck-boost™ types arc indeed differentially flat. This
fact is used in the design of average linearizing feed-
back controllers in Section 3. The resulting static feed-
back regulators achieve local asymptotic stabilization of
the converter states by means of perfect closed loop lin-
earization of the average dynamics of suitable energy-
related scalar functions, acting as linearizing outputs.
We also apply the differential {latness approach to an
interesting class of multivariable switchmode power con-

verters constitued by a cascade connection of two “boost”

de-to—de power converters. Section 4 is devoted to test
the performance and robustness of the proposed lin-
earizing controllers by computer simulations. The simi-
ulations include external stochastic perturbation inputs
of the “unmatched” type. Section 5 is devoted to con-
clusions and suggestions for further work.

2. DIFFERENTIAL FLATNESS OF AVERAGE
PWM MODELS OF DC-TO--DC POWER
C'ONVERTERS

2.1 The “Boost” Converter

Fig. 1. The “Boost™ Converter Clircuit

Consider the switch -regulated “hoost™ converter circuit
of Fig. L. The differential equations deseribing the circuit
are given by
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where 2| and xs represent, respectively, the input indue-
tor current and the output capacitor voltage variables.
The positive quantity F represents the constant voltage
value of the external voltage source. The variable w de-
notes the switch position function. acting as a control

input. Such a control input takes values in the discrete
set {0,1}.

A Pulse Width Modulation (PWM) based regulating
policy for the switch positicn function may be specified
as follows,

= Lfor tp <t <ty + p()T
“EV0for b4+ pl )T <t <l 4T

where {; represents a samyp hing instant; the parameter
T 15 the fixed sampling period. also called the duty cy-
cle: the sampled values of the state vector w(t) of the
converter are denoted by a(t;). The function, p(-). s
the duty ratio function acting as a truly feedback policy.
The vatue of the duty ratio function, p(t;), determines,
at every sampling instanot, 4, the width of the upcom-
ing “pulse” (switch at the position u = 1) as pft;]7". The
actual duty ratio function. u(-). is evidently a function
limited to the closed interval [0. 1] on the real line.

Well known average models of PWM controlled de-to

de power converters are constitued by the. so called.
state arcruge models derive | i (Cuk. 1976) and (Mid-
dlebrook and (‘uk, 1976). Based on the geometric aver-
aging theory, Sira-Ramirez and coworkers (Sira-Ramiires.
1989: Sira-Rainirez ¢t al., 1992) obtained the same state
average models as in (Middlebrook and Cuk. 1976) and
found an interpretation in terins of the ideal sliding dy-
namics. and its assoclated equzvalent control (see (Utkin.

1978)).

To obtain the average model of the open loop converter
(1). (2). one siply replaces the switch position func-
tion, u, by the duty ratio function g and the actual
state variables . x2 by their averaged values. z,, z,
(see (Sira-Ramirez, 1989)).
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where we denote by =y and .y the average input current
and the average outpul capacitor voltage, respectively.
of the PAWWM regulated “hocst™ converter.

Note that the average stale equilibrium values 2, and
4o are related by
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Let g = If denote the total energy of the system. given
by

y=10H= ([.:i" +("::_“:)
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The first order time derivative of y. along the trajecto-
ries of (1). is given by:
{

= (6)

y==u1F— Tk

The second order time derivative of y is obtained as,

y=—(1 CHCE I ~3+E2(7)
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The implicit function theorem guarantees that zj, 2+
and p are functions of y,y. . i.e., differential functions

whenever,

Ny, 9.4}
det —=——— = .
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The total energy y of the average boost converter, thus,
locally qualifies as a linearizing output for the average
system. Differential flatness. i.e.. linearizability, of the

average model (3) is hence locally valid in the region of

the state space where expression (8) holds true.

2.2 The *Buck-Boost™ Converter

u=1

Fig. 2. The “Buck Boost™ Converter Clireuit

The switch-regulated “buck-boost™ converter circuit is
shown in Fig. 2. The state average model of the PWM
regulated buck ‘boost converter is given by

S =

(1 ) I + d
— ) =y —_
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| I
—(l = p) —zy — —2z4
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where z; and 4 denote the average input current and
the average output capacitor voltage. respectively. g de-
notes. as before, the duty ratio function acting as an
external input to the average systenn,

()

o

The components Z; > 0. 7y < 0 of the state equilibrium
vector are related by

(10)
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Fig. 3. The “Boost~Boost” Coonverter Circuit

Let y denote the following energy-like function of the
systent, given by

P4 Clan = ) (1)
[t is straightfroward to see that (11) is, by the Jacobian
matrix test, a differentially flat output for the buck
boost averaged PWM inodel. whenever.

“
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In this region, the energy-like function (11) qualifies as
a linearizing output.

2.3 The “Boost boost™ Converter

Consider now a cascade connection of two “boost”™ de-
to- de power converters, as shown in Fig. 3. For simplic-
ity. we assate a multivariable PWM feedback regula-
tion policy for the switch position functions uq and e,
characterized by sinchronous samplings,

lor 4y <0 < by + ps(4)7

= { Ofor g+t VT <t < tp+ T
1= 1,2.

g1 = +T ¢ E=0,1.... (13)

where y; ; i = 1,2, are the duty ratios. 7" is the common
sampling interval and {4 is the sampling instant. The
duty ratio functions take values in the closed interval
[0, 1] of the real line.

The average PWM model of the multivariable switch-
regulated “hoost-boost™ converter is given as
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For the average state model (1), we take as the lineariz-
ing outputs ;. y». the total energy functions Hy, Hy as-
sociated with each one of the constitutive converters:

1 )
yr=Hy =5 (L] +4:5)
| PN
ys = Hoy = _—)—(/u_):}%—(,,“g,;) (15)

Some simiple calculations show that the energy func-
tions y; and y» constitute linearizing outputs for the
average niodel of the cascaded converter system. The
“boost-boost™ converter model is. therefore, locally dif-
ferentially flat and linearizable by multivariable static
state feedback >

3. LINEARIZING AVERAGE PWM CONTROI,
POLICIES FOR DC-TO-DC POWER
CONVERTERS
3.1 The

“Boost™ Converter

Clonsider the average PWM model of the “boost” con-
verter (3). Let H* denote the total energy associated to

(Z1.79), 1e..

Z32 L
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5 ( t g )( 6)

Note that, given a desired 7o, then both Z, and H*
are uniqucly determined. Let /f denote the energy error
H=H-H".

the state equilibrium 7 =

1
H* =5 (L7} +(23) =

Proposition 1 Let 7o > 0 be a desired equilibrium
point for model (3). Then, the closed loop system rep-
resented by the average converler (3) and the
following feedback duty ratio synthesizer,

1 [( 2 2(wy, N w,’~;C'> I
2 .- R . ~2
+ 7=x1) 2 LR R 2

+ <2gw,,[, +

“boost”

(17)

where ¢ > 0 and w,, ave design conslants, resull in the

asymptotically stable lincar dynanies for the energy er-
ror H.

2

- =0
dt? o

. d
H + 2Cw, — w7 H+ ! (18)

2 For a cascade combination of the boost and the buck-boost
converter. the flat outputs are constitued by energy-related func-
tions of its components but the system is lincarizable by dynamical
state feedback.
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PROOF. The proof is immediate upon substituting
the expressions (5), (6), (7) and (16) onto the linear
error dynamies (18). and then solving for the required
duty ratio function . O

3.2 The ~Buck Boost™ Conrerter
Consider the average PWM model of the “buck-boost”
converter (). Let A~ denote the energy -like function
associated to the equilibriuin 7 = (Z,. Z4). i.e..
L
H =
Lz

e (% — )] (19)

Given a desired /s < 0 then both Z, and H~ are uniguely
determined. Let. # denote the energy error H = H—H*.

As before, it is possible to obtain a feedback duty ratio
synthesizer from the following asymptotically stable lin-
ear dynamics on the energy function error #.

]
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where ¢ > 0,w,, are design parameters, substituting the
expressions (11) and (19) onto the linear error dynamies
(20), and then solving for the duty ratio function .

3.3 The ~Boost-Boost”™ Converter

A feedback policy arises in an similar way for the “boost
boost™ converter. The feedback duty ratio functions sinthe.
sized for g (1) and pa(.) in (13) can be calculated di-
rectly from the linearizing outputs y, and y- in (15} and
their derivatives up to order 2. Thus, for the averaged
systemn (14) these feedback Luws provide asymptotically
stable linear dynamics for the energy function errors.

H] =H; - H and H H. — 5, given by

2 L.
-y + W — i1, + w2 H = 0 (21)
dt- dt

\ | -

“ i, +zgw,,-l-/{ +willy =0 (22)

where H7 and I3 are the cnergy funtions associated
with the desired average state equilibrium points.

Remark 2 The actual duty ratio functions used in the
PWM strategies described alove are to be, necessarily,
lanited 1o the closed anterval [0,1]. Thus. the feedback
policies only guaraniee local stabilization to cquilibrium
values provided the average losed loop state TESPONSES
do not abandon the reqron bounded by the relations 0 <
)il <1 As @ consequence, the set of initial states
that satisfies such a restriction 1s not arbitrary.
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Fig. 4. A Linearizing PWM Feedback Regulation
Scheme for DC'-to-DC Power Converters

4. SIMULATION RESULTS

The general PWM feedback policy is indicated in Fig.
4. This feedback scheme implics the sampling of the ac-
tual duty ratio functions at sampling instants t 1k =
0.1,2... regularly spaced with period 7' The actual
switch position function u is specified as in (2), or u;.
J = L2, 1n (13). with the use of the ectual state vari-
ables &x; instead of their averaged values z;. This pro-
cedure has been justified [rom a theoretical viewpoint
and supported by simulations in inany references dealing
with the average-based PWM feedback control of de-
to-dc power converters (see, for instance, (Sira-Ramirez,
1989; Sira-Ramirez and Lischinskyv-Arenas. 1991; Sira-
Ramirez ot al., 1992) and references therein). Tor sim-
ulation purposes. we only present the boost and boost-
boost converter cases.

4.1 “Boost” converter

Simulations of the closed loop behaviour of the “hoost™
converter and the linearizing PWM control policy were
performed on the following perturbed version of the
“boost™ converter circuit,

1 £
1= —(1 —u) -E.rz + Z-T}
ro = (1 ) L, L, (23
Loy = u (,.11 R(’J,_) 3)

where 1) represents an external stochastic perturbation
input affecting the system behaviowr directly through
the external voltage source value. This perturbation in-
put is of the “unmatched”™ type. e it enters the sys-
tem equations through an input channel vector field.
given by [1/L  0]". which is not in the range space
of the control input channel. given by the vector field
[1/Les  1/Cw(]T. The magnitude of this noise was
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Fig. 5. Performance Evaluation of Linearizing PWM
controller for Perturbed “Boost” Converter.

chosen to be, approximatelv, 20 % of the value of E.
The circuit parameter values were taken to be the fol-
lowing “typical” values, (* = 20 uF: R = 30 Q: [ =
20 mH; £ = 15 V. The rampling frequency for the
PWM policy was set to be 3 KHz. The duty ratio fune
tion 1s obtained from a sampling process carried out on
the output u(f) of the smooth static duty ratio synthe-
sizer derived above. To avcid the construction of low
pass filters, the actual PWM controlled states x,. x
are used on the controllers expressions. The desired av-
erage equilibrinmoutput voliage was set to be Z, = 37.5
Volts, with a corresponding value of the average input
current /7y = 3.125 Amp. The steady state value for the
duty ratio is " = (.6,

Fig. b shows the closed loop PWM regulated state tra-

Jectories and the average stale ones corresponding to the

linearizing duty ratio synthesizer derived for the “boost”
converter. This figure also presents the trajectory of the
duty ratio function. the corresponding trajectory of the
switch position function. and a realization of the com-
puter generated stochastic perturbation signal .

4.2 “Boost-Boost” Converter

The perturbed switch-regulated “boost-hoost™ model
used in the simulations was:

. 9
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g | . j 2
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Fig. 6. Performance Evaluation of Linearizing PWM
controller for Perturbed “Boost-Boost™ Converter.

where ') = (/5 = 20 uF Ly =/1,=20mH ; R=
500 @  E = 15 V The desired average output volt-
ages were set to be Zy = 93.75 Volts and Zy = 37.5
Volts which correspond to average input currents given
by Zz = 04687 Amp. and /¢ = 1.1719 Amp., with
steady state duty ratios of Iy = 'y = 0.6. Fig. 6 shows
the closed loop PWM behavior of the regulated “boot
boost™ converter.

As it can be seen from the siiulations in the previous
cases, the proposed controllers achicved the desired sta-
bilization of the output voltages around the desired equi-
librium values while exhibiting a high degree of robust-
ness with respect to the “umnatched™ external stochas-
tic perturbation mput.

5. CONCLUSIONS

In this article, we have exploited the differential flatness
property of average models of PWM regulated de-to-
de power converters for the design of linearizing duty
ratio synthesizers. These were shown to achieve local
asymptotic stabilization towards predetermined equilib-
rium points. The approach is based on a dynamic shap-
ing of energy--like coordinates which act as the lineariz-
ing outputs of the converters. For the “hoost™ converter
the linearizing output was shown o be the total en-
ergy of the circuit while for the “hnuek boost™ converter.
the linearizing output is an energy like function closely
related to the total energy. In the case of the “hoost-
boost™ converter. the linearizing outputs correspoud to
the total energy funtions asociated with each one of the
constitulive converters.
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Differential flatness can also be conveniently exploited
the adaptive feedback regulation of uncertain dynamical
systems. In particular, de-to-de power converters with
unknown resistive loads can he treated in a most elegant
manuer by a novel technique known as contrel of the
clock, as proposed in (Fliess et al., 19936). ‘This topic
will be the subject of a forthcomming publication.
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