On the Control of the Variable Length Pendulum !
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Abstract

A new notion of differential flatness of infinite order
is used to approximately regulate, along an off-line
prescribed oscillatory trajectory, a mechanical system,
which is: nonlinear in the control input, it is not feedack
linearizable by means of dynamical, or static, state
fecdback, and it is also non-minimum phase.

1 The variable length pendulum

Consider the normalized model of the so called “vari-
able length pendulum” studied in by Bressan and Ram-
pazzo [1], given by

g = p
p = —cosf+ qul
0 = u 1)

where ¢ denotes the distance from the center of the
sliding ball to the origin of coordinates around which
the rod rotates. The variable p is the velocity of the
ball, as measured along the rod, and ¢ is the angle
formed by the rod and the vertical line passing through
the origin.

The system is known to be non differentially flat (sec
Fliess et al [3]). Notice that the defect variable, g, sat-
isfies the linear time varying differential equation

('j:q(Fz)—cosF (2)

Hence, the system is Liouvillian since the variable ¢
can be expressed in terms of quadratures of differen-
tial functions of the flat output F (sec Chelouah [2}).
When F = constant, the zero dynamics ¢ = —cos F'
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is unstable around the equilibrium position F = 7/2.
Thus 6 = F is a nonminimum phase output.

Regard equation (2) as a nonlinear differential operator
equation, in the unknown F, of the form, F = T(F,¢),
where ¢ is a known desired trajectory for ¢, with
T(F, &) = arccos(—¢ + £F?). The following functional
iterative procedure would be aimed at approximately
solving the proposed operator equation !

Fp41 = arccos (‘é"‘ §F1?) (3

We can thus obtain a sequence of finite order differen-
tial parametrization of the flat output F' = @ in terms
of the defect variable ¢ = &, by considering the embed-
ding of the equation (2) into the functional iterative
process (3).

Indeed, the following sequence of differential functions,
of finite increasing order, for the flat output F, in terms
of £, is immediately generated by (3),

Fy = constant

F;, = arccos (—{)

F, = arccos —£+ E(La))z
1-(¢)
Foo = ¢(§,£yf,---y§(k),---) (4)

All the system variables are, thus, differentially
parametrizable in terms of £ as follows.

51 0=1 (67515:""5@)1-“)

The output £ = ¢ is a flat output of infinite order.

q=£1 14

IThere exists an extensive literature on the topic of approxi-
mately solving differential operator equations, through iterative
processes, as evidenced by the book of Kurpel’ {4] and the refer-
ences therein.



2 A trajectory trakcing problem

Suppose it is desired to perform the following maneuver
for the ball position on the rod

X, t <T

X+ R ’([)(t,Tl,Tz) sin(wt) i< t<Ty

X + R sin(wt) T2 < t<oo
(®)

with (¢, Ty, T2) being a Bezier polynomial, smoothly

interpolating between 0 and 1 satisfying the conditions

W(Ty, Ty, To) = 0, ¥(To, Ty, Ty) = 1.

q'(t) =

We use the first term of the approximation algorithm
(4) in order to off-line generate a set of nominal ref-
erence trajectories for the state variables p = p*(t),
6 = 0*(t) and the control input, u = u*(t), in terms of
a desired nominal trajectory for the ball position vari-
able ¢*(t) (see Figure 1). The closed loop controller
was designed using approximate linearization and lin-
ear time-varying feedback compensation by constant
pole placement techniques, as developed in [5] in the
context of nonlinear observer design.

Figure 2 shows the closed loop performance of the sys-
tem for a significant deviation of the initial position
with respect to the prescribed nominal trajectory.

3 Conclusions

In this article we have introduced the rudimen-
tary steps towards the uncovering of a differential
parametrization of infinite order for non-differentially
flat systems. It was shown that the required trajec-
tories of the largest flat subsystem linearizing output,
which effectivley complies with a desired trajectory for
the defect variable, can be approximated using the first
few terms of the sequence of parametrizations leading
to infinite order flatness. This task usually required
the off-line solution of nonlinear differential equations
which, in the case of nonminimum phase systems, could
lead to unfeasible, i.e. unstable, solutions. The class of
non flat systems where this technique can be naturally
applied secms to be the class of Liouvjllian systems.
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Figure 1: Nominal (open loop) state and control input
trajectories.
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Figure 2: Closed loop system responses for trajectory
tracking task.
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