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Abstract

In this article, we provide, on the basis of a popular
fourth order dynamic model, a solution to the prob-
lem of liquid sloshing regulation, in horizontally moving
containers. The approach uses the viewpoint of differen-
tial flatness and Generalized Proportional Integral (GPI)
control. The performance of the derived feedback con-
trol laws are assessed on a multi-modal 10th order model
of the system.
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1 Introduction

Liquid sloshing in moving containers has received sus-
tained interest by mathematicians, physicists, control
and ocean engineers in the last 37 years.

The underling feedback control problem, related to the
liquid oscillations in moving containers, is to suppress,
at least at the beginning and the end of the container
point to point transfer, the sloshing, or undesired vi-
brations, of the carried liquid while accomplishing the
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given displacement task for the container within a lim-
ited time interval. Very recently, the work of Grundelius
[4]-[5] stands out as a rather complete treatment of the
modeling and control problems, approached also from
an optimal control viewpoint, which attempts to solv-
ing the liquid sloshing problem in an actual industrial
experimental setting with very encouraging results.

In this article, we present a flatness based GPI control
approach for the regulation and rest-to-rest stabiliza-
tion of liquid sloshing when a container movement is
required from an initial to a terminal position in a finite
pre-specified amount of time. Flatness based controllers
are shown to represent an alternative to traditional op-
timal control based regulation schemes. We show that
the liquid sloshing suppression problem can be viewed
as one of appropriate flat output trajectory planning.
This viewpoint guarantees simultaneous rest-to-rest ma-
neuvers for, both, the container horizontal position and
the liquid surface position. The control problem, as in
many articles of the existing literature, uses a simpli-
fied, under-actuated, fourth order linear system model.
GPI control is a recently introduced linear system feed-
back control technique which uses iterated output and
input integral error compensations on linear state feed-
back laws, synthesized in terms of integral state recon-
structors. These are, broadly speaking, iterated integral
parameterizations of the state using only the inputs and
the outputs of the system (See Fliess et al [2] for a mod-
ule theoretic approach to the subject). GPI control has
been initially developed by Fliess and Marquez in [1],
in the context of linear predictive control. Some the-



oretical developments, related to module localizations,
can be found in Fliess in citefliesscifa. GPI control has
also been used in actual experimental applications with
excellent results (See Marquez and Fliess [6]).

Section 2 presents the liquid sloshing system model,
taken from the work of Grundelius [4]-[5]. We estab-
lish the flatness of the adopted simplified model and
define the sloshing suppression problem as a rest-to-rest
transfer problem for the flat output. A GPI controller
is developed in section 4. Section 5 assesses the feed-
back laws on a more realistic, 10th order, model of the
sloshing system Throughout the article we present sim-
ulation results that depict the performance of the pro-
posed feedback controllers. In section 3, we propose a
flatness based controller which serves as the basis for a
GPI controller.

2 The slosh system model

In several recent studies of the motion control of open
containers carrying liquid, Grundelius, [4]-[5], proposed,
and experimentally justified, the following simplified lin-
ear model for use in the optimal control-based actual
regulation of the height of the liquid surface inside the
moving container.
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where z, represents the liquid height, above the resting
level, measured at one point located at the container’s
extreme wall, opposite to the direction of movement of
the container (see Figure 1). The variable z; is the cor-
responding rate of the liquid height at the measurement
point. The variable z3 represents the position of the
container and z4 its associated velocity. The control in-
put u is the applied acceleration input. The constant
parameters w and { represent the liquid natural oscilla-
tion frequency and damping factor corresponding to the
first harmonic approximation to the liquid movement
subsystem (this system is found to be poorly damped).
The parameter a is the width of the moving container,
g is the gravity acceleration and if we let h denote the
resting liquid height, with the system in perfect equilib-
rium, then the oscillation frequency of the slosh is found
to be, after Venugopal and Bernstein [7]

Figure 1: Container and liquid
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2.1 Slosh System Flatness

The system is found to be controllable and, hence, flat,
with flat output given by the following linear combina-
tion of the state variables:
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A differential parameterization of all system variables,
in terms of the flat output and its time derivatives, is
obtained as
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Under perfect equilibrium conditions the above param-
eterization yields the following static relations:

71 = 0
T = 0
Tz = w?F
Ty = 0
T =0 (2.4)



2.2 Rest-to-rest transfer problem formulation
In an equilibrium to equilibrium maneuver for the slosh
system, one typically wants to $olve the following prob-
lem.

Devise a feedback control strategy so that the con-
tainer is taken, within a finite prescribed time in-
terval [tinitial,tfinat), from the initial resting position
T3 initiat = 0, valid for all ¢ < tinitiar, towards a final
resting position Z3 fina = X, valid for all ¢ > t£inai, 50
that the liquid height z; equally starts from a resting
position z; (tinitiar) = 0 and ends in a resting position
Z1(tfinat) = 0, at the end of the prescribed time in-
terval. In terms of the flat output, I, and according
to the static parameterization of the system’s equilib-
ria, the problem entitles taking this special output from
an initial value of zero towards a final value, given by
X/w?, where X represents the final desired position of
the container. This transfer is to take place while follow-
ing a desired trajectory, F*(t), with, at least, four time
derivatives being zero at the initial time, t = finitia1, and
at the end of the transfer, at ¢ =tsina.

2.3 Off-line trajectory planning

As described above the problem of a suitable rest-to-rest
transfer which guarantees a desired container displace-
ment with a reasonable liquid height excursion can be
formulated as one of tracking a specified rest-to-rest tra-
jectory for the sloshing system flat output. The flat out-
put trajectory, F*(t) may, therefore, be specified as an
interpolating function between the initial and the final
flat output values, as follows:

F*(t) = Finitiat + (Frinat — Finitiat )0 (t, tinitiats tfinal)

with (%, tinitiat, t finat) chosen to be an time polynomial,
of the Bézier type, smoothly rising from the initial value
of zero towards the final value of 1, in the time interval

[tinitial» Efinat]-

In order to adopt a suitable reference trajectory for the
flat output, F', we performed several off-line simula-
tion trials in order to determine an acceptable transfer
time interval [tinitial,tfinai] and the associated maxi-
mum nominal liquid height excursion, above its resting
level. We assumed, as in [4], that the total required
container displacement 23(finat) — Z3(tinitiat) I8 fized
to a certain value, which we specified by X, and pro-
ceeded to off line obtain the liquid height profile and the
horizontal container acceleration for several time inter-
val transfers. OQur primary goals were to avoid control
input saturation (i.e. to avoid values of u larger that
9.8[m/s?]) and to obtain a reasonable maximum liquid
height, %1 maz, which we set to be around 0.03 [m], dur-
ing the container transfer. We arbitrarily set the initial

time as finitiat = 2 [s] and set the desired displacement
as 73(tfinat) = X = 0.2 [m]. The simulations were per-
formed with the following system parameters found in

(4J:

(=0, w=210rad/s a=007Tm h=02m,

g =98m/s®

The corresponding initial and final equilibrium values
for F were readily obtained, from the static parameter-
ization (24) as: Finitiar = 0, Ffinal = X/(J.)2 =4.56351 x
10~%. The time polynomial function (¢, tinitial,tfinal)
was prescribed as:

O(t, binitiat, trinat) = 0°() |r1 — raB(t) + r36%(t)

—148%(t) + rs0(t) — r685(t)

with the function 8(t) defined as

o(t) = t — tinitial

Lfinal — tinitial
and

T = 252, Te = 1050, r3 = 1800, T4 = 1575,

rs = 700, r6 = 126

Figure 2 shows computer simulation runs for three dif-
ferent transfer time intervals, T' = tfinat — tinitiat = 2,
1 and 0.5 [s] respectively. The figures depict the nom-
inal surface height evolution z; and the corresponding
nominal input acceleration u.

A nominal transfer time of T' = 0.44 [s] results in the use
of a maximum available input acceleration of 9.8[m/s?]
at some point of the transfer maneuver with a maximum
liquid height of 0.04 [m]. From the simulations shown
in Figure 2, a transfer time of 0.05 [s] results in a rea-
sonable nominal surface height excursion of about 0.03
[m], without any risk of nominal controller saturation.
In order to depict the complete open loop system be-
havior, for such a choice of the transfer time, we recall
that the differential parameterization (2.3) allows one
to specify a complete set of nominal trajectories for the
state components of the state vector, z*(t), and of the
control input, u*(t), on the basis of a specified nominal
desired trajectory for the flat output, F*(t). Figure 3
shows such a complete set of nominal state and control
input trajectories.
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Figure 2: Influence of transfer time interval on liquid height
and input acceleration
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Figure 3: Nominal state and control input behavior corre-
sponding to a planned flat output desired rest-
to-rest transfer with 7 =0.5 [g]

3 An integral state reconstructor-based
controller

Consider then the slosh system with output variables
Y =21, Y2 =23,

T = Iy
2
. aw
Ty = —ZC(UCEQ —(1J2(L'1 + —2 u
T3 = T4
i‘4 = u
o= T, Y2=23 (3.1)

An inspection of the state and output equations, of the
slosh system, reveals that one can, indeed, carry out
such input-output integral parameterization of the state
variables in the following manner:

Ty = T1 =W
t 2
52\2 = —ZCwyl —/ <w2y1 (0’) C 2—u(a)> do
0
53 = Y2
t
T, = / u(o)do (3.2)
0

where, we have explicitly given to the reconstructed vari-
ables the character of “estimates” of the corresponding
state variables. Such “ hat ” notation is justified in
view of the relations which tie these state reconstruc-
tions with the actual values of the state variables:

T = Ti=wy

T3 = Tp+22(0)

T3 = Tz=uys3

z4 = T4+ 24(0) (3.3)

where z2(0), and z4(0) are the unknown initial velocities
of the liquid height and the container, respectively.

The main idea in devising a feedback controller which
only needs the input, u, and the outputs, y;, and, y2,
is to replace the state variables, in the derived flatness-
based state feedback control law, with their correspond-
ing integral reconstructors and, then, to appropriately
compensate the unknown (in this case, constant) esti-
mation errors with output tracking error integrals, so as
to obtain an asymptotically exponentially stable closed
loop system tracking error.

The proposed feedback control law, based on integral
state reconstructors and appropriate integral compen-
sation (represented by the term £(t) in the following



expressions), is then given by

- (ig) +4(ai) Bbu+El)  (3.4)
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an=—m/m - 1i(0) do (3.6)
ya(t) = W2F*(t) +2¢wF* () + F*(t) (3.7)

The flat output tracking error satisfies now the closed
loop dynamics

eg) +k4e( ) + k3ép + koé +kiep +

t
kO/ [w?er (o) + 2¢wér (o) +ép(0)}do=0
0
which is equivalent to

9 4 kael? + kseld + (ko + ko)ér
(k[ +2ka0)€}:‘ + ko(dzep =0

A convenient set of coefficients: ko,...,ks, may be now
chosen to guarantee an asymptotically exponentially
stable behavior of the tracking error ep.

Figure 4 depicts the performance of the integral recon-
structor based feedback controller for the initially per-
turbed rest-to-rest maneuver described in the previous
section. The initial deviations entitled position and ve-
locity errors for the liquid surface height and initial po-
sition error for the container. The controller parameters
were chosen so that the closed loop characteristic poly-
nomial of the tracking error coincided with the polyno-
mial

por = (8% + 28wns +w2)(s + B)
with £ = 0.707 and w, = 18, B =9.

In this case, we initially obtained a temporary, non-
destabilizing, saturation of the control input, which Jve
limited to values within the interval |u| < 9. 8[m/s"].
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Figure 4: Integral reconstructor based control performance
for significant initial conditions deviations

4 Assessment of control laws performance on a
higher dimensional slosh system model

In order to assess the effectiveness of the GPI feedback
control laws, proposed in the previous section, we now
evaluate the performance of such feedback actions on a
higher dimensional model which approximates, within
several oscillation modes, the liquid slosh. The model
derivations make direct use of the Bernoulli equations
as explained in Grundelius [4]. We make a slight modi-
fication of the model presented in that work to adapt it
to our notation and take only the first four oscillation
modes. We assume that surface height measurements
are made at the leftmost wall of the container.

Tim = Tam
. o 4wf\/ﬁ
Tom = ~—WiTim t Tu
iBm = ZT4m
. 9 4w2v/2a?
Togm = wW3Tam + 79’”2 u
Tsm = ZTem
. _ 2 4w§\/ 2a
ZTem = _wsxSm 2572
Trm = ZTsm
) = -wiz + 2a
Tgm = 7T7m 497r2

fl:‘a = u

1 /2
T = 3 ;(11m+$3m+3¢5m+27m)
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Figure 5: GPI based feedback controlled performance of
multi-modal slosh system model for significant
initial conditions deviations
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Figure 5 depicts the closed loop responses of the slosh
model (4.1) to the GPI based feedback control law (3.4)-
(3.7), with significant initial deviations from the rest
equilibrium for the surfage height, but no initial error
on the container position.

5 Conclusions

In this article we have presented a flatness based con-
troller for liquid sloshing regulation in an horizontally
moving container. A typical fourth order simplified lin-
ear model of the "slosh system” was adopted, as fully
described in [4]. It was found that such a model is con-
trollable, and, hence, differentially flat. The flatness
property of the model allows for a rather direct approach
to the trajectory planning task involved in a rest-to-rest
container position maneuver with a corresponding rest-
to-rest induced liquid surface height evolution. Flatness
allowed also for an off-line assessment of the nominal dy-
namic effects of the required container position transfer
maneuver on, both, the required control input magni-
tude and the resulting maximum liquid height excursion
exhibited during the proposed displacement maneuver.

In order to avoid velocity measurements or its asymp-
totic estimations via dynamic observers, a Generalized

PI controller, based on integral input-output state re-
constructors, was also derived. The GPI approach
evades calculated estimates based on output sampling
and it only uses the measured values of inputs and out-
puts (i.e. realistically speaking, it could be synthesized
measuring only the liquid height and the armature in-
put voltage of the d-c motor acting on the container’s
transportation belt).
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